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Introduction
The combinatorial lemma on the existence of convex means [6] proved by the author in 1959 was intended as a tool for the investigation of some basic questions of mathematical analysis concerning the interchange of the order of two limit operations-in particular questions generalizing classical results like the Lebesgue dominated convergence theorem, the Fubini theorem and related results. The connection between the lemma, the statement of which is purely combinatorial, and analysis is not at all obvious at first glance. The author showed, however, that the lemma indeed represents the combinatorial essence of a number of results in what could be described in todays terminology as weak compactness. To explain the motivation for the study of convex means it suffices to recall the fact that the weak closure of a set M in a Banach space E may be characterized as the set of those elements of E that may be arbitrarily well approximated in the uniform topology by convex combinations of points in M. Trying to isolate the combinatorial substance of the results on weak compactness the author realized that the relevant combinatorial problem may be formulated as a problem of distributing a unit mass into a finite number of points in a certain manner. More precisely, the combinatorial problems to be considered are of the following type. We are given a set S and a family W of subsets of S. Furthermore, a small positive number E, a safety margin, is prescribed.
Our task consists in dividing a 0012-365X/92/$05.00 0 1992-Elsevier Science Publishers B.V. All rights reserved unit mass into a finite number of parts to be situated at certain points in S in such a manner that no set w of the family W contains total weight exceeding E.
What is the lowest possible safety margin that can be imposed on a given family for every finite F c N there exists a w E W such that F c w.
The problem of characterizing families W for which e(W) = 0 remained open. We intend to present, in the present note, a dual description of the characteristic e(W) which may be used, in particular, to give a solution of this problem. Duality plays an important role here as it did in the earlier stages of the theory. In fact, the method used by the author for the study of weak compactness was based on establishing complete duality: treating a family F of functions on a set T as a function of two variables B(f, t) defined on F x T by the formula m t> =f 0).
Extending B to a binlinear form in the obvious manner it is possible to consider not only convex combinations of functions but also convex combinations of points in T: they act as convex combinations of Dirac measures. If we take, on F, the topology of pointwise convergence and on T the weak topology generated by F, B will be a separately continuous bilinear form. Criteria of weak compactness may be obtained by establishing conditions under which B may be extended to the compactifications of P(F) and P(T).
In conformity with this general principle we intend to treat families W of subsets of a set S as a relation R on W X S; the relation R is defined by the requirement [w, s] E R iff s E w. In this manner the family W appears as the family of all sections of R. To each w E W we assign the subset of s Clearly every family of subsets of S may be obtained as the family of sections of a suitable relation. We shall use the same letter R for the characteristic function of the relation R so that R(w, s) = 1 iff s E w and R(w, s) = 0 otherwise.
The thickness of a family W of subsets of S is defined as *$fs, ,syg n(w) = i:f sup 2 3L,R(w, sj). w
The point of view based on duality makes it possible to view the sets w as functions on S by identifying them with the corresponding characteristic functions. Accordingly, convex combinations of the sets w are meaningful and their use makes it possible to see the notion of thickness in a different light.
The dual expression
We present another equivalent expression of the characteristic e(W) which gives further support to the intuitive interpretation of e(W) as thickness. We start by considering the families investigated in the paper In the first case, the inequality e(W) 3 k/n was a consequence of the fact that conv W contained a function b with b(s) 2 k/n for all s E S. In the second case we could prove, for every finite F c S and every E > 0, the existence of a b E conv W for which b(s) 2 (Y -E for all s E S.
It is easy to see that for (Y > 0, the existence of such a b implies the inequality e(W) 2 cu; we intend to show that the inequality e(W) 3 cx is in fact equivalent to the existence of such a b. Indeed, this is a consequence of the following obvious lemma.
Lemma. Let e > 0 and suppose that, for each finite F c S and each e' < e there exists a b E conv W such that b(s) 3 e' for all s E F. Then e(W) 2 e.
Proof. Suppose, on the contrary, that e(W) < e. Then there exists a il E P(S) such that u = sup A(w) < e. The closure, in KS, of the set conv W contains a function wn such that wO(s) 3 e for all s E S.
We have seen that the existence of such a function implies the inequality e(w) 3 e. The lemma may thus be reformulated in the following form e(w)3 sup infb(s).
beP(W)-se.7
It is the purpose of the present note to prove that we have, in fact, equality.
The proof of the other inequality seems to require the compactness of KS. We state it in the form of a minimax theorem for a relation on W x S; in other words, 
. , .+,)).
Denote by M the subset of R" consisting of all (y,, . . . , yn) E R" for which all yi 2 e(W). Suppose the intersection G(conv W) fl M is void. Since G(conv W) is compact there exists a linear form (Y on R", such that sup cu(G(conv W)) < inf a(M). Since inf a(M) is finite, it follows that all a; are nonnegative.
Since LY is nonzero we may assume that C a; = 1, in other words (Y E P(S). Now inf ~~44 s e(W) so that sup a(W) = sup cY(conv W) = sup a(G conv W) < inf LYM < e(W), a contradiction.
The proof is complete. 0
Concluding remarks
The combinatorial lemma was published in 1959 and was the result of an effort to isolate the combinatorial substance of the theory of weak compactness, in particular to explain why conditions of countable character already imply compactness and to eliminate complicated measure theory from the proof that weak compactness extends from a set to its convex hull. As one of the first applications, the author gave a proof of the following proposition: Zf a subset M by an attempt to give a characterization of families of thickness zero, an attempt that resulted in obtaining the dual description of the notion of thickness.
The method based on duality makes it possible to consider, together with the family W, also the family of functions conv W. This is best illustrated by the juxtaposition of the conditions for families W of thickness zero and those for which e(W) = 0 in the stronger sense. More precisely we shall consider families W with the following properties (1) e(W) = 0 hereditarily, in other words: for each infinite R c S inf sup(w) = 0 1 w as A ranges over all A E P(S) with carrier in R.
(2) e(W) = 0. The characterizations seem to be more accessible in their negative form; they are as follows.
(1') The closure of W contains a function b such that b(s) = 1 for all s E R, an infinite subset of S.
(2') The closure conv W contains a function b such that b(s) 2 E for all s E S and a positive number E.
